Detailed derivation of Eq. (4).
For an arbitrary reaction coordinate ξ, the free energy A can be defined as a state function of ξ in a generalized statistical mechanical expression, ,
where k B is the Boltzmann factor, T is the temperature, and Q is the partition function.
The probability distribution P along the reaction coordinate ξ is given by
where X is the Cartesian coordinates, p x is the momentum, H is the Hamiltonian of the system.
According to thermodynamic integration (TI), the free energy difference between two values of the reaction coordinates can be calculated through integrating the derivative of the free energy along the reaction coordinate:
,
where
The average of some function F of the system can be calculated by
For the Cartesian coordinates X, let us assume that we have an equal number of generalized coordinates, (q, ξ, σ) . Transforming the numerator of Eq. (c) to the generalized coordinates (q, ξ, σ`), and integrating over σ`, we have
where A is the mass-metric matrix, and V is the potential energy for the system. Mass-metrix matrix A qξσ can be obtained through Jacobian matrix J and mass matrix M,
Z σ and Y σ are from the block forms of A qξσ and A -1 qξσ
We also have
By integrating Eq. (h) over the momenta p σ , we have
For systems with coordinate σ being constrained throughout the simulation, we have average F
From constrained simulation, the expectation value of in unconstrained simulation can be calculated as
For simulation with coordinates ξ and σ being constrained, the partition function Q can be written as
Taking the differentiating of Q(ξ) with respect to ξ, we have
Rewrite the first term in the second line of Eq. (q)
where Tr denotes the trace. Using Eq. (g) and (k), and from Eq. (q) we have
For the simulation with coordinates σ not being constrained, we have equation (4) !"(!) 
